Let S be a complex algebraic K3 surface. It is proved that the 0-dimensional cusps of the Kähler moduli of S are in one-to-one correspondence with the twisted Fourier-Mukai partners of S. As a result, a counting formula for the 0-dimensional cusps of the Kähler moduli is obtained. Applications to rational maps between K3 surfaces are given. When the Picard number of S is 1, the bijective correspondence is calculated explicitly by using the Fricke modular curve.
Introduction
Let S be an algebraic K3 surface over the field of complex numbers. In [11] we considered a certain orthogonal modular variety K(S) = Γ(S) + \Ω + g N S(S) and studied the Fourier-Mukai (FM) partners of S in connection with a compactification of K(S). It is a classical result of Baily-Borel [1] that K(S) can be compactified to be a normal projective variety, by adjoining certain boundary components. The boundary components of K(S) are called cusps of K(S). One of the results of [11] is that the isomorphism classes of the FM partners of S are in bijective correspondence with certain 0-dimensional cusps of K(S), called standard cusps. However, a general 0-dimensional cusp of K(S) is not necessarily standard. The purpose of this paper is to study the geometric counterparts of the non-standard 0-dimensional cusps of K(S).
As we shall explain below, a non-standard cusp corresponds to a twisted Fourier-Mukai partner of S. The notion of twisted FM partners, which was introduced by Cȃldȃraru [4] , generalizes that of FM partners. By definition, a twisted FM partner of S is a twisted K3 surface (S ′ , α ′ ) such that there is an exact equivalence D b (S ′ , α ′ ) ≃ D b (S) between the derived categories. As well as the FM partners, the twisted FM partners of S can be regarded as certain geometric realizations of the category D b (S). They are useful for dealing with non-fine moduli spaces of sheaves on S (see [5] , [8] ).
Our main result is the following. The existence of a map C d (S) → FM d (S) is observed in [11] . In the present paper we study the correspondence in more detail and establish its bijectivity. In fact, a more general result than Theorem 1.1 will be proved. That is, for a twisted K3 surface (S, α) we establish a relation between the 0-dimensional cusps of the Kähler moduli of (S, α) and the twisted FM partners of (S, α). If we put d = 1 in Theorem 1.1, we recover the correspondence between the untwisted FM partners and the standard cusps in [11] . Twisted FM partners appear naturally if we consider all 0-dimensional cusps of K(S).
The modular variety K(S) is called Kähler moduli because it is an analogue of Kähler moduli of a Calabi-Yau 3-fold. The analogy was investigated extensively by Dolgachev [6] . In an effort to formulate mirror symmetry for K3 surfaces, Dolgachev defined for a K3 surface S (satisfying suitable conditions) a moduli space M ∨ of certain "mirror K3 surfaces" of S, and observed that M ∨ is a modular variety uniformized by the Hermitian symmetric domain Ω + g N S(S) associated to S. Our Kähler moduli K(S) is almost isomorphic to Dolgachev's mirror moduli space M ∨ , in the sense that the arithmetic group Γ(S) + defining K(S) contains the arithmetic group defining M ∨ as a finite-index subgroup. When the Hodge structure of S is generic, K(S) is indeed isomorphic to M ∨ . We note that K(S) is naturally dominated by the complexified Kähler cone of S (see [6] ). On the other hand, Bridgeland gave an intrinsic construction of K(S) by proving that K(S) contains a natural quotient space of the space of stability conditions on the category D b (S) as a Zariski open set (see [2] ). An observation for the mirror picture of [6] can be drawn from Theorem 1.1. In the formulation of [6] , there is an ambiguity of the choice of mirror family, which depends on the choice of 0-dimensional cusp of a moduli space M to which S belongs. The moduli space M can be identified with the Kähler moduli of a generic member S ∨ of a mirror moduli space of S. Theorem 1.1, applied to S ∨ , suggests that the ambiguity of the choice of mirror family of S comes from the existence of twisted FM partners of S ∨ . There is an application of Theorem 1.1 to the modular variety K(S). The twisted Fourier-Mukai number #FM d (S) is non-zero for only finitely many d, and each #FM d (S) is a finite number (see [8] ). A formula for the number #FM d (S) is given in [12] . Roughly speaking, the number #FM d (S) is expressed as a sum of certain 'masses' of the genera of some Lorentzian lattices.
Combining those formulae with Theorem 1.1, we obtain a counting formula for the 0-dimensional cusps of the modular variety K(S) (Theorem 3.8). Via [6] , it allows us to count the 0-dimensional cusps of the moduli spaces of certain lattice-polarized K3 surfaces. This formula for the cusps is a natural generalization of Scattone's formula [17] .
When some description of the set of cusps is available, we obtain a classification of the twisted FM partners by Theorem 1.1. We shall give such classification for certain elliptic K3 surfaces. See Definition 4.1 for the definition of relative Jacobian. In Kodaira's terminology, the elliptic surface underlying the relative Jacobian is the basic elliptic surface associated to the original fibration. The assumption that N S(S) contains U admits a geometric interpretation that S has the structure of an elliptic surface with a section. For example, this assumption is satisfied if the Picard number ρ(S) is larger than or equal to 13. Theorem 1.2 yields applications to rational maps between K3 surfaces.
Corollary 1.3 (Proposition 4.7)
. Let S + and S − be K3 surfaces with ρ(S ± ) ≥ 13. Let T (S ± ) be the transcendental lattice of S ± . Then there exists a Hodge isometry In other words, S + and S − are isogenous in the sense of Mukai [13] if and only if they are dominated by a common K3 surface by rational maps of square degrees.
When ρ(S) = 1, we calculate the correspondence in Theorem 1.1 explicitly. Dolgachev [6] showed that the Kähler moduli K(S) for such S is isomorphic to the Fricke modular curve, which is the quotient of the congruence modular curve Γ 0 (n)\H by an involution. Here 2n is the degree of the K3 surface S. It is easy to describe the cusps of the Fricke curve, because the theory of elliptic modular curves is available. On the other hand, a set of representatives of FM d (S) is given in [12] by certain moduli spaces of sheaves on S, twisted by natural obstruction classes. Then we have an explicit correspondence between the cusps of the Fricke curve and certain moduli spaces of sheaves on S. An advantage of considering the Fricke curve is that we have a complete description of its cusps. Thus, given two arbitrary primitive isotropic Mukai vectors, one can decide immediately whether the associated moduli spaces are isomorphic or not.
As we noted above, there is a derived-categorical construction of the Kähler moduli K(S) by using stability conditions due to Bridgeland. Then the following question arises naturally from Theorem 1.1:
Question 1.4. Can one perform the Baily-Borel compactification of K(S) by studying degenerations of stability conditions in various large volume limits?
The rest of the paper is structured as follows. In Sect.2.1 we recall some lattice theory. In Sect.2.2 we study lattice-theoretic properties of the twisted Mukai lattice of a twisted K3 surface. In Sect.3 we prove Theorem 1.1. In Sect.4 we derive Theorem 1.2 and Corollary 1.3. In Sect.5.1 we exhibit the isomorphism between the Fricke modular curve and the Kähler moduli of a K3 surface of Picard number 1. In Sect.5.2 we calculate the correspondence between the cusps of the Fricke modular curve and certain moduli spaces of sheaves.
Notation. All varieties are assumed to be algebraic varieties over the field of complex numbers. In particular, a K3 surface means a nonsingular complex algebraic K3 surface. For a K3 surface S, we denote by N S(S) (resp. T (S)) the Néron-Severi (resp. transcendental) lattice of S. The Picard number ρ(S) is the rank of N S(S). Let
which are endowed with the Mukai pairing. The hyperbolic plane U is the lattice Ze + Zf , (e, e) = (f, f ) = 0, (e, f ) = 1. We identify the lattice H 0 (S, Z) + H 4 (S, Z) endowed with the Mukai pairing with the hyperbolic plane U by the identifications (1, 0, 0) = e, (0, 0, −1) = f . Write
2 Twisted Mukai lattices
Preliminaries from lattice theory
By an even lattice, we mean a free Z-module L of finite rank endowed with a 
The unimodularity of L and the primitivity of M assure the surjectivity of the projection
Let L be an even lattice of sign(L) = (2, rk(L) − 2) and let Γ ⊂ O(L) be a subgroup containing {±id}. Denote by Ω L the set of the oriented positivedefinite two-planes in L R , which carries a complex structure via the isomorphism
Then Ω L has two connected components. A choice of a component of Ω L , say Ω 
Twisted Mukai lattices
The twisted Mukai lattice of a twisted K3 surface was defined by Huybrechts in [7] and is studied in [8] . Here we develop lattice-theoretical properties of twisted Mukai lattices. The results of this section will be used in Section 3. Let S be a K3 surface. The Brauer group Br(S) of S is the group of the torsion elements of
For example, let ρ(S) = 20. Then Br(S) is the group of the finite-order points of the elliptic curve
is called a (rational) B-field lift of a Brauer element α ∈ Br(S) if B maps to α in the isomorphism (1) . For an element α ∈ Br(S) we can find a B-field lift of α from 
Via (2), we identify an element α ∈ Br(S) with a surjective homomorphism α :
A twisted K3 surface is a pair (S, α), where S is a K3 surface and α ∈ Br(S). Let ω S ∈ H 2 (S, C) be a period of S and let B ∈ H 2 (S, Q) be a B-field lift of α. By definition, the twisted Mukai lattice H(S, B, Z) of (S, α) and B is the lattice H(S, Z) equipped with the twisted period e B (ω S ) = (1, B,
We have a Hodge isometry e B :
) is of positive orientation for an ample class l ∈ N S(S).
For another B-field lift
Then we have an orientation-preserving Hodge isometry
defined by the wedge product with the cohomology class (1, B 1 ,
, which fixes the vector (0, 0, 1).
In the remainder of this section, we fix a twisted K3 surface (S, α) and a B-field lift B of α. The basic ideas of the following Lemma 2.2 and Lemma 2.3 are present in [13] .
the natural isometry. Then we have a Hodge isometry
where d = ord(α). The twisting α : T (S) → Z/dZ is given by the homomorphism
Proof. For a transcendental class l ∈ T (S) with α(l) =1 ∈ Z/dZ, we have e B (l) = (0, l,
. The image of l by (4) is1 and the image of T (S, α) by (4) is0, so the second claim is proved. 
Proof. Let d
′ := div((0, 0, 1)). In the proof of Lemma 2.2 we saw that (0, 0,
∨ , which means that d|d
Since the primitive hull of T (S, B)⊕Z(0, 0, 1) in H(S, B, Z) is T (S)⊕Z(0, 0, 1), we can write l ′ +(0, 0,
∨ and k ′′ ∈ Z, we obtain the equality
Then the right hand side of (5) is not 0, which contradicts to the fact that
Next we compare the two lattices N S(S) and N S(S, B). Consider the following isometry:
where d = ord(α).
we have the following orientation-preserving isometry:
Proof.
we have e
is the natural isomorphism. Both M and T are even lattices. From λ we obtain the isometryλ :
Proof. Every element of D g N S(S)
can be represented by a vector in N S(S) ∨ . Thus we take a vector x ∈ N S(S) ∨ and prove the commutativity for the element
. Choose a vector y ∈ T (S)
. By the definition of λ 0 , we have
By Lemma 2.2 and Proposition 2.4, we have e B (y) ∈ T ∨ and e
3 Twisted Fourier-Mukai partners and 0-dimensional cusps
) is the isomorphism induced from the isometry (D g
N S(S,B)
, q) ≃ (D T (S,B) , −q), and O Hodge (T (S, B)) is the group of the Hodge isometries of T (S, B).
There are obvious inclusions
Each isometry γ ∈ Γ(S, B) can be extended to a Hodge isometry H(S, B, Z) ≃ H(S, B, Z). Recall that Γ(S, B)
+ is the subgroup of Γ(S, B) consisting of the orientation-preserving isometries in Γ(S, B). Then we can form the modular variety
the isomorphism class of which does not depend on the choices of the lift B of α. The set of 0-dimensional cusps of the Baily-Borel compactification of K(S, α) is identified with the set d C d (S, α), where
When α = 1, we write K(S) := K(S, 1) and
, where Γ(S) := Γ(S, 0).
Let l ∈ I d ( N S(S, B)) be a primitive isotropic vector. By using the surjectivity of the period map, we shall construct a twisted K3 surface (
, q) ≃ (D T (S,B) , −q) be the natural isometry. Firstly we consider the extended even lattices
and a homomorphism
The lattice M l has the orientation induced from that of N S(S, B). Since
, we obtain an embedding
with both M l and T l embedded primitively. Then the orthogonal complement Λ ϕ := ϕ(U ) ⊥ ∩ Λ K3 is isometric to the K3 lattice Λ K3 and is endowed with a period by the sublattice T l ⊂ Λ ϕ . By the surjectivity of the period map (see [20] ), there exist a K3 surface S l and a Hodge isometry Φ : H 2 (S l , Z) ≃ Λ ϕ mapping the positive cone of N S(S l ) to the cone M + ϕ . Pulling back the homomorphism α l by Φ, we obtain the twisted K3 surface (S l , α l ). The following lemma can be proved similarly as Lemma 3.2.1 of [11] , which treats the case α = 1.
Lemma 3.2. The isomorphism class of the twisted
When S is untwisted, the lattice N S(S l ) is isogenus to an overlattice of N S(S) with cyclic quotient.
Let (S ′ , α ′ ) be a given twisted K3 surface with a B-field lift B ′ such that there is an orientation-preserving Hodge isometry Φ :
Proposition 3.3. In the above situation, we define the primitive isotropic vector l ∈ I d ( N S(S, B) ) by l = Φ((0, 0, −1)). Then we have the isomorphism
Proof. It suffices to prove the assertion when
, be the natural isomorphisms, and set
We have a natural
. Then Φ induces an orientation-preserving isometry M ′ ≃ M l and a Hodge isometry T ′ ≃ T l . By Lemma 2.2 and the commutative diagram
On the other hand, the following diagram commutes by Proposition 2.5.
It follows from Proposition 2.1 that the isometry
extends to the orientation-preserving Hodge isometry
By considering Ψ :
Then we have a Hodge isometry Ψ : 
because the twisted Mukai lattice admits an orientation-reversing Hodge isometry (see [8] ).
Proof. We write l degreewise as l = (r, m, s). Case(i). Assume that r < 0. We can apply Yoshioka's theorem ( [19] . See also [9] ) on the existence of moduli space of twisted sheaves with Mukai vector −l. So we can find a twisted K3 surface (M, β) and an orientation-preserving Hodge isometry Φ :
Case(iii). Finally assume that r = 0. By the following lemma, there is a . We can find a vector v ∈ N S(S) satisfying the following conditions :
Define the isometry ϕ of N S(S, B) Q = e B ( N S(S) Q ) by the followings : . The
Up to now we confirmed that the assignment
which is surjective by Proposition 3.3. We prove the injectivity. Thus we obtain the following theorem. 
In particular, for a K3 surface S we have a canonical bijection
In this way the set of 0-dimensional cusps of the Kähler moduli K(S) is identified with the set d FM d (S) of isomorphism classes of the twisted FM partners of S. For this correspondence, it is essential to distinguish two twisted K3 surfaces with a common underlying K3 surface by their twisting classes.
A formula expressing the number #FM d (S) is proved in [12] . Summing up those formulae over d ∈ N, we obtain a counting formula for the 0-dimensional cusps of the modular variety K(S). To exhibit the formula, we prepare some notation. Let I(D N S(S) ) be the set of isotropic elements of (D N S(S) , q). Each element x ∈ I(D N S(S) ) gives rise to overlattices M x , T x of N S(S), T (S) respectively, and a homomorphism α x : T x ։ Z/ord(α)Z with Ker(α x ) = T (S). The lattice T x inherits the period from T (S). Let
For an even lattice L, the genus of L is denoted by G(L). We define
.
This counting formula for the cusps is an extension of a formula of Scattone [17] , which in our situation is the formula for those K3 surfaces whose Néron-Severi lattices contain the hyperbolic plane U . It is the appearance of the subtle arithmetic invariants G i (M x ) and τ (x, M ) that our generalization brings.
Twisted Fourier-Mukai partners and relative Jacobians 4.1 Relative Jacobian
Let f : S → P 1 be an elliptic fibration on a K3 surface S which does not necessarily admit a section, and let l ∈ N S(S) be the class of its fibres. The vector v := (0, l, 0) is a primitive isotropic vector in N S(S). Let J(S/P 1 ) be the coarse moduli space of stable (with respect to a generic polarization) sheaves on S with Mukai vector v. By a theorem of Yoshioka [19] , J(S/P 1 ) is a K3 surface. Let β ∈ Br(J(S/P 1 )) be the obstruction to the existence of a universal sheaf ( [5] ). The order of β is equal to div(l). Definition 4.1. We call (J(S/P 1 ), β) the relative Jacobian of the elliptic fibration f : S → P 1 .
The underlying K3 surface J(S/P 1 ) naturally has the structure of an elliptic fibration f : J(S/P 1 ) → P 1 , which admits a natural section. If s ∈ P 1 is the base locus of a smooth fibre of f , then f −1 (s) is identified with Pic 0 (f −1 (s)). When the original fibration f admits a section, which is exactly the case β = 1, we have J(S/P 1 )/P 1 ≃ S/P 1 . By a theorem of Cȃldȃraru [5] 
If we denote by B a B-field lift of β, this derived equivalence induces an orientation-preserving Hodge isometry H(J(S/P 1 ), B, Z) ≃ H(S, Z) mapping (0, 0, 1) to v = (0, l, 0).
Theorem 4.2. Let S be a K3 surface such that N S(S) admits an embedding of the hyperbolic plane U . Then for each twisted Fourier-Mukai partner (S
Proof. By Theorem 3.7, there exists a primitive isotropic vector
Since N S(S) contains U ⊕ U , it follows from Proposition 4.1.3 of [17] that the map
is bijective. On the other hand, the map
is surjective by Lemma 4.1.1 of [17] . Thus there is a primitive isotropic vector
Next, we transform l ′ to a nef primitive isotropic vector l ′′ ∈ N S(S) by the actions of {±id} and the reflections with respect to (−2)-curves on S, as in [16] . Since l ′′ is the fibre class of an elliptic fibration f : S → P 1 , the twisted FM partner (S l ′′ , α l ′′ ) is isomorphic to the relative Jacobian (J(S/P 1 ), β) of f . Hence we have (S ′ , α ′ ) ≃ (J(S/P 1 ), β).
Remark 1. The bijectivity of the map (11) can also be deduced from its surjectivity, which can be proved in an elementary way, and the formula for #C d (S) (see [12] Corollary 4.4).
The above proof might be regarded as an extension of the argument for elliptic fibrations in [16] . Theorem 4.2 is a classification theorem for twisted FM partners of S. The lattice N S(S) contains U if and only if S admits an elliptic fibration with a section. When ρ(S) ≥ 13, we can always embed U into N S(S) by Corollary 1.13.5 of [14] . Certain 2-elementary K3 surfaces give other series of examples satisfying the assumption.
What happens if the assumption that N S(S) contains U is weakened? To be precise, let S be a K3 surface admitting at least one elliptic fibration, and (S ′ , α ′ ) be an arbitrary twisted FM partner of S. Is (S ′ , α ′ ) isomorphic to the relative Jacobian of some elliptic fibration on S? More generally, is (S ′ , α ′ ) isomorphic to the twisted moduli space of relative sheaves associated to a primitive Mukai vector (0, αl, β)? Here l is the fibre class of some elliptic fibration on S, α is a natural number, and β is an integer coprime to α. The following is a negative example to this question. We put the assumption that the twisted FM partner associated to v α,β is untwisted, which is exactly the case that β is coprime to d. Take integers γ, δ satisfying αγd + βδ = 1 and define the isotropic vectors in N S(S) by u α,β = (−δ, γm, 0), l α,β = (0, δl, −γd), m α,β = (αd, βm, 0).
One checks that
Therefore we obtain an isometry ϕ α,β ∈ O( N S(S)) which satisfies ϕ α,β (v α,β ) = (0, 0, 1) and acts on the discriminant group D N S(S) = (α, β) . In other words, the FM partner associated to v cannot be realized as moduli space of relative sheaves.
Bridgeland and Maciocia ([3] Proposition 4.4) proved that for a minimal surface S of non-zero Kodaira dimension which admits an elliptic fibration f : S → C, every untwisted FM partner of S is isomorphic to a moduli space of relative sheaves supported on the fibers of f . Example 4.3 shows that the analogous statement does no longer holds for a general elliptic K3 surface, even if one allows all elliptic fibrations on the surface.
Remark 2. If we do not restrict to untwisted K3 surfaces, we can give negative examples to the above question more handily by analyzing the surjective map
Applications to rational maps
Among the twisted FM partners of a K3 surface S, the relative Jacobians are related rather directly to the geometry of S. We give an application of Theorem 4.2 to rational maps between K3 surfaces.
Lemma 4.4. Let S be a K3 surface and assume that N S(S) contains U . Then every twisted Fourier-Mukai partner (S
Proof. By Theorem 4.2 there exists an elliptic fibration f : S → P 1 such that S ′ is isomorphic to the K3 surface J(S/P 1 ) underlying the relative Jacobian of f . Let l ∈ N S(S) be the fibre class of f . The order of α ′ is equal to the divisibility d of l in N S(S). It suffices to construct a rational map S J(S/P 1 ) of degree
the degree of which is obviously equal to d 2 .
We provide an example of the rational map given in Lemma 4.4.
Example 4.5. Let g : A → E be an elliptic fibration on an Abelian surface A where E is an elliptic curve, and f : Km(A) → P 1 be the associated elliptic fibration on the Kummer surface Km(A). We take a line bundle M on Km(A) such that the degree of M on an f -fiber is equal to the divisibility d of the fiber class of f in N S (Km(A) ). The pullback of M by the rational quotient map A Km(A) extends to a line bundle L on A. The degree of L on a g-fiber is also equal to d. Let g : B → E be the elliptic surface associated to the relative Jacobian of g. The surface B is isomorphic to the product of E and a g-fiber. We can use the line bundle L to define a morphism ϕ : A → B by P → O g −1 (g(P )) (dP ) ⊗ L −1 , where P ∈ A. We choose the identity point of B so that ϕ is a homomorphism between Abelian surfaces. Then the elliptic Kummer surface f : Km(B) → P 1 induced from g is canonically isomorphic to the elliptic K3 surface associated to the relative Jacobian of f . Under this identification, the rational map ψ : Km(A) Km(B) induced from the homomorphism ϕ is given by the correspondence (12) in Lemma 4.4.
We describe the elimination of the indeterminacy of ψ. Let A 2 , B 2 be the sets of 2-division points of A, B respectively, and A be the blow-up of A at ϕ −1 (B 2 ). The set T consists of 16d 2 2d-division points and contains A 2 . The inverse morphism −1 A of A extends to an involution ι on A. We denote by X the quotient surface A/ ι . The natural morphism π : X → Km(A) is the blow-up at the point set (ϕ −1 (B 2 )\A 2 )/ −1 A , and the finite morphism ψ : X → Km(B) induced from ϕ is the elimination of the indeterminacy of ψ. The ramification divisor of ψ is the exceptional divisor of π, namely the 8(d 2 − 1) (−1)-curves. The ramification index of ψ at each (−1)-curve is 2. Let {2E
be the four I * 0 singular fibers of f , f respectively. All components E * i , E * ij are (−2)-curves, and the components E Proof. We regard T (S) as a finite-index sublattice of T (S ′ ) via the Hodge embedding. By the invariant factor theorem, there exists a filtration
such that T i /T i−1 are cyclic. By using similar arguments as in the construction of S l in Lemma 3.2, we can find for each i a K3 surface S i such that T (S i ) is Hodge isometric to T i and that N S(S i ) is isometric to an overlattice of N S(S). By the assumption on N S(S), the lattice N S(S i ) admits an embedding of U .
Since there exist Hodge embeddings T (S i−1 ) ֒→ T (S i ) of cyclic quotients, we can find twistings α i ∈ Br(S i ) such that T (S i , α i ) are Hodge isometric to T (S i−1 ). By [9] , we have
. Now the assertion follows from Lemma 4.4.
Two K3 surfaces S + and S − are isogenous (in the sense of Mukai [13] ) if there exists an algebraic cycle Z ∈ H 4 (S + ×S − , Q) such that the correspondence
is a Hodge isometry. (1) ⇒ (2) : We identify T (S + ) Q and T (S − ) Q by a Hodge isometry. Let
, which is of finite index in both T (S + ) and T (S − ). The lattice T 0 is endowed with the period. Since rk(T 0 ) ≤ 9, the lattice T 0 can be embedded primitively into the K3 lattice Λ K3 by [14] . By the surjectivity of the period map, there exist a K3 surface S 0 and a Hodge isometry T (S 0 ) ≃ T 0 . The lattice N S(S 0 ) admits an embedding of U , because ρ(S 0 ) ≥ 13. Hence the claim follows from Proposition 4.6.
(2) ⇒ (1) : Let f ± : S 0 S ± be rational maps of degree d By the proof, the K3 surfaces S + and S − are obtained from S 0 by taking certain relative Jacobians successively.
Remark 3. Inose [10] introduced another notion of isogeny for singular K3 surfaces, i.e. K3 surfaces with Picard number 20. Two singular K3 surfaces S + and S − are defined to be isogenous in the sense of Inose if one of the following three equivalent conditions is satisfied:
(1) There exists a dominant rational map S + S − .
(2) There exists a dominant rational map S − S + .
(3) There exists a Hodge isometry T (S + )(n) Q ≃ T (S − ) Q for some natural number n.
For singular K3 surfaces (and also for K3 surfaces with Picard number 19) Inose's notion of isogeny contains that of Mukai and is a direct analogue of the notion of isogeny for Abelian varieties. Unfortunately, the author does not know successful extension of Inose's notion of isogeny to K3 surfaces with Picard number ≤ 16. See also [15] . induces an explicit isomorphism between the modular curves. ,
Fricke modular curves
The Z-module O is of rank 4 and is closed under multiplication. In other words, O is an order . We define a quadratic form on the Q-vector space V := {A ∈ M 2 (Q), Tr(A) = 0} by (A, B) := − Proof. In fact, an isometry is given by the assignment
For a matrix γ ∈ GL 2 (Q) the adjoint action Ad γ on V defined by A → γAγ −1 , A ∈ V , is an isometry of V . Then we obtain the isomorphism
Thus we obtain the isomorphisms
To calculate the normalizer N (O) we consider the following order O ′ called an Eichler order :
The Z-module 2O ′ is a submodule of O of index 2.
is an index 2 submodule of O, and the Zmodule
′ is characterized by the property that
We shall describe a structure of the normalizer N (O ′ ) following [18] and then calculate the action of N (O ′ ) on the discriminant group D g
N S(S)
. For n > 1 let
be the prime decomposition of n, where τ (n) is the number of the prime divisors of n. Each element σ ∈ (Z/2Z) τ (n) corresponds to a pair of coprime natural numbers (N σ , M σ ) satisfying N σ M σ = n. Choose integers a σ , b σ such that a σ N σ − b σ M σ = 1 and put
We have det(γ σ ) = N σ . For the σ with (N σ , M σ ) = (n, 1), we take (a σ , b σ ) = (0, −1) especially. Then γ σ = (
It is known (see [18] Chapitre III) that we have a surjective homomorphism
by looking for each i whether the action preserves or exchanges O . By the correspondence (14) , it suffices to observe the actions to ( 
The last isomorphism is induced by the projection to SL 2 (R). The group Γ 0 (n) + := Γ 0 (n), ( , τ → C(1, τ H, τ 2 n).
By sending ∞ → C(0, 0, 1), the isomorphism (18) extends to the isomorphism Cl.
Then the following diagram commutes:
In this way we obtain the desired isomorphism.
Proposition 5.4 (cf. [6] ). The tube domain realization (18) induces the isomorphism
which extends naturally to the isomorphism between the compactifications of both sides.
The curve Γ 0 (n) + \H is called the Fricke modular curve. 
(2) Let d 2 = n. Choose a set {j} ⊂ (Z/dZ) × of representatives of the quotient set (Z/dZ) × /{±id}. Then
Via the tube domain realization (19) , we obtain the correspondence
←→k dr σ → (k, dr σ ) ∈ C(n) + .
Comparing Proposition 5.5 and Proposition 5.6, we now observe that d FM d (S) and C(n) + corresponds bijectively, as expected. For an arbitrary rational number a b ∈ Q with a coprime to b, we can calculate the isomorphism class of the corresponding twisted FM partner with the aid of (22) and (23). In particular, we see that the K3 surface underlying the partner is determined only by the value [b] ∈ Z/nZ. In terms of a primitive isotropic Mukai vector (r, kH, s), the K3 surface underlying the twisted moduli space is determined by the value [(r, k) −1 r] ∈ Z/nZ.
Conversely, we may find the Mukai vectors v σ,k by referring to the cusps of the Fricke modular curve. If we resort to Theorem 3.7, we reprove that the twisted moduli spaces (M σ,k , α σ,k ) represent FM d (S), without calculating the twisted FM number of S nor the Hodge structures of the moduli spaces M σ,k .
In these ways, the classification of the twisted FM partners is simplified and is strengthened by using the Fricke modular curve.
Example 5.7. Let S ⊂ P 5 be a generic K3 surface of degree 8 whose Picard group is generated by the class H := O(1)| S . It is well-known that S is a (2, 2, 2) complete intersection. The Kähler moduli K(S) ≃ Γ 0 (4) + \H has two cusps [∞] and [ H, 2) . The underlying K3 surface M is of degree 2, and can be realized as a double covering of P 2 ramified over a sextic.
